Recently, a lot of attention has been paid to the modifications of the power spectrum of primordial fluctuations caused by quantum cosmology effects. The origin of these modifications are corrections to the Mukhanov-Sasaki equations that govern the propagation of the primeval cosmological perturbations. The specific form of these corrections depends on a series of details of the quantization approach and of the prescription followed to implement it. Generally, nonetheless, the complexity of the theoretical quantum formulation is simplified in practice appealing to a semiclassical or effective approximation, in order to perform concrete numerical computations. In this work, we introduce technical tools and design a procedure to deal with these quantum corrections beyond the most direct approximations employed so far in the literature. In particular, by introducing an interaction picture, we extract the quantum dynamics of the homogeneous geometry in absence of scalar field potential and inhomogeneities, dynamics that has been intensively studied and that can be integrated. The rest of our analysis focuses on the interaction evolution, putting forward methods to cope with it. The ultimate aim is to develop treatments that increase our ability to discriminate between the predictions of different quantization proposals for cosmological perturbations.
I. INTRODUCTION
Observational cosmology is living a golden age, impulsed by the impressive technical developments achieved in the last decades. These developments have led to a new era that is known as "precision cosmology" [1] , in which a reasonable number of cosmological parameters have been measured with a precision of a few percent for the first time in history [2] . This has allowed us to compare predictions of theoretical models for cosmology with observations, and falsify some of them. One of the most relevant observations is the measurement of the Cosmic Microwave Background (CMB) [3] . This background encodes information about the first stages of the Universe, previous to the decoupling of the radiation and matter contents. The CMB appears as an almost uniform radiation background with a spectrum that corresponds to a nearly perfect black body. The small variations superimposed as anisotropies on this radiation (of a relative order of 10 −5 ) reveal the fluctuations of the Primeval Universe, and their steadily improved analysis is opening new windows for the understanding of the early cosmological stages. In addition, the polarization of the CMB is expected to provide most valuable information, e.g. about the generation of primordial gravitational waves in our Universe.
The latest Planck 2015 analysis of the power spectrum of the CMB [2, 4] found an excellent agreement with the theoretical predictions of Standard Cosmology [5] over a broad range of scales. Even so, there are indications of some possible tensions between those predictions and the observations [2, 6] , especially at large angular scales. For instance, there seems to be a lack of power for multipoles with low number l, corresponding to those scales, as well as unexpected features around l = 30 [6] . Such anomalies in the temperature anisotropies have raised an especial interest in the community of cosmologists, since they may have originated from fundamental physical processes occurring in the first epochs of the Universe. However, it is very difficult to find a conclusive explanation to these anomalies for now, owing to the uncertainty in the measurements at large angular scales, arising among other things from the problem of cosmic variance (since the number of available independent modes is too small, because its number is roughly speaking almost proportional to the inverse of the angular scale [5] ). Nonetheless, a very appealing possibility is that such anomalies and deviations might be the result of genuine quantum gravity effects (beyond the quantum fluctuations of fields in a classical cosmological spacetime) that would have affected the primordial cosmological perturbations and would have been imprinted on the primary CMB anisotropies. These ideas are transforming the field of quantum cosmology, boosting the extraction of predictions from quantum models of the Universe with (more than abstract) hopes of confronting them with the available observations and those expected in a near future.
Many of the studies about the consequences of quantum cosmology in observational astrophysics and, in particular, in the CMB have been carried out within the framework of Loop Quantum Cosmology (LQC) [7] [8] [9] [10] [11] [12] [13] [14] .
However, the discussion is not limited to that formalism by any means [15] , and other formalisms like quantum geometrodynamics [16, 17] have also been explored. Even within LQC, different alternate formulations have been suggested and investigated. This diversity in the lines of attack must be viewed as a reflection of the increasing interest paid to the study of realistic observational consequences in cosmology of the quantum nature of the spacetime.
Let us focus our comments on LQC. LQC is the application of the methods of Loop Quantum Gravity (LQG) [18] to cosmology. It has been successfully applied to the simple case of homogeneous and isotropic spacetimes: The so called Friedmann-Lemaître-RobertsonWalker (FLRW) cosmologies [19] [20] [21] [22] [23] [24] . One of the most spectacular predictions is the replacement of the big bang singularity by a quantum bounce [23, 24] . The first inhomogeneous cosmological model studied within LQC was a family of spacetimes with two spatial isometries, known as the Gowdy model [25] . The study was restricted to the case of the spatial topology of the three-torus T 3 and to gravitational waves with linear polarization. A hybrid quantization strategy was adopted, using loop methods for the zero-modes of the geometry, while Fock techniques were employed for the fields describing the inhomogeneities [26] . The philosophy behind this strategy rests on the assumption that the most relevant aspects of the quantum nature of the geometry are encoded in zeromodes, whereas other modes can be described essentially along the lines of quantum field theory (QFT) in curved spacetimes. Therefore, it can be understood as a quantum dynamical regime in between that of full quantum gravity and a more conventional QFT in a fixed curved background.
More recently, this hybrid quantization approach has been applied to the case of the Gowdy model with a scalar field as matter content [27] and, more importantly for our discussion here, to cosmological perturbations in inflationary scenarios [7, 8, 15] . A careful analysis has been performed of the perturbations of an FLRW spacetime with a scalar field (which represents the so-called inflaton), minimally coupled and subject to a potential (a quadratic one in most of the calculations, for the sake of simplicity). This analysis considers perturbations in both the spacetime metric and the scalar field. According to the current cosmological model favored by observations [2] , the discussion has been particularized to the case of flat spatial topology, assuming for simplicity that is compact (namely, that of T 3 ) and bearing in mind that this assumption is innocuous as long as the compactification scale is large compared to the radius of the observable Universe [7] .
Following this hybrid approach and using a kind of Born-Oppenheimer ansatz for physical states, it is possible to deduce the quantum equation that dictates the dynamics of the cosmological perturbations [8, 15] . As long as one can neglect quantum transitions of the FLRW geometry, and the (quadratic) dependence on the rest of physical degrees of freedom admits a direct (classical) effective counterpart, one obtains effective equations for the inhomogeneities that, in a conformal time, are nothing but the Mukhanov-Sasaki (MS) equations [28] with corrections that take into account quantum gravitational effects [8, 15] . This modified MS equations provide the master equations to extract predictions about the power spectrum of the primordial perturbations.
Similar modified MS equations have also been derived within LQC following an alternate proposal called "dress metric" approach [10] . In this approach, however, one renounces to treat the full system of the FLRW geometry plus the perturbations as a symplectic manifold, 1 even if both General Relativity with a scalar field and its truncation at quadratic perturbative order in the action are known to possess a phase space that indeed admits a symplectic structure [14, 15, 29] . In the dress metric approach, and exactly as it happens in the hybrid quantization with an appropriate Born-Oppenheimer approximation, the functions of the FLRW geometry that appear in the MS equations are replaced with expectation values on the physical state that describes that geometry. In this respect, the difference between the two approaches consists in details about which are those expectation values and about quantization prescriptions affecting the operators in those values. Let us also mention that the possible consequences of LQC in the CMB have been studied as well by adopting another viewpoint, namely, by postulating the deformations of the spacetime diffeomorphisms algebra that one might expect that arise in LQG, demanding then the closure of the modified algebra for consistency [14] . In this latter approach, the modifications are already deduced in the form of corrected effective equations for the perturbations.
In addition to all these studies, in a recent work we provided a full covariant description of the entire system corresponding to perturbed FLRW spacetimes with a scalar field (at our considered perturbative level) [15] . In particular, the perturbative physical degrees of freedom were described by MS gauge invariants, and we found a complete canonical set by determining new background variables that are corrected with perturbative contributions in order to preserve the symplectic structure of the total system. In that work, and inspired by the analyses carried out in the hybrid approach to LQC, the derivation of the modified MS equations was generalized without specifying the quantization adopted for the zero-modes of the FLRW geometry [15] . There is certain parallelism between this derivation and the discussion that has been presented even more recently for geometrodynamics in Ref. [17] .
Detailed investigations of the effects of these modifications on the MS equations have been performed only after introducing certain semiclassical or effective approximations for the description of the FLRW geometry. In the dress metric approach to LQC, the expectation values on the FLRW state have been replaced with the corresponding classical values evolved according to the effective equations of homogeneous and isotropic LQC [21, 30] . No trace of backreaction has been considered, but only cases in which this backreaction can be totally neglected have been contemplated. In this way, sectors of solutions with predictions compatible with most of the features of the CMB have been identified, and modifications to the scalar power spectrum have been unveiled in the region of large angular scales [11, 12] . The most interesting of these modifications involves a loss of Gaussianity owing to the evolution of the vacuum state of the perturbations prior to the slow-roll phase [12] . This loss allows for correlations between observable modes and those beyond the Hubble horizon. Such correlations have been investigated by considering the three-point function of the perturbations, which should provide the most important correction. Nonetheless, in situations in which this correction is of the order of the Gaussian contribution, a more detailed quantum calculation would be desirable to determine not only the qualitative, but also the quantitative effect. Besides, the calculations have been performed assuming that the correlations are only important in the slow-roll regime [12] . In the hybrid approach to LQC, a careful numerical analysis of the corrections to the CMB have been carried out only very recently, in Ref. [9] . Also in this case the calculation has assumed effective equations for the evolution of the FLRW geometry and negligible backreaction. In fact, probably the main difference with respect to previous studies in LQC is a new proposal for the choice of vacuum of the fluctuations, which strictly speaking is not a genuine quantum geometry effect. On the other hand, in Ref. [17] , the modifications to the CMB power spectrum in geometrodynamics have been discussed using a semiclassical (WKB) definition of time, as well as semiclassical values for functions of the FLRW geometry that appear in the corrected MS equations. A new proposal for the vacuum of the perturbations is also introduced. Most importantly, a de Sitter approximation is employed, ignoring terms arising from variations of the scalar field (which significantly complicate the computations).
The aim of the present work is to provide formulas and methods for the computation of the modifications to the MS equations that keep the quantum corrections up to the maximum practical extent. In the context that we have discussed, this goal is important for several reasons. First, as we have explained, the predictions of various formalisms and prescriptions in quantum cosmology (and in particular in LQC) can be satisfactorily discriminated only if quantum corrections beyond the semiclassical or effective approximations are maintained. Therefore, any hope of falsification by means of CMB observations would depend on this analysis. Second, the exploration of sectors of states in which the corrections to the CMB power spectrum are important for certain ranges of scales makes it advisable that we improve our approximations if we want to reach better quantitative estimations. Third, the inclusion of more corrections coming from quantum geometry effects can reveal new phenomena in the CMB spectrum. In a certain sense, one might expect that this is also the case for the search of a new prescription for the vacuum of the perturbations, which should be formulated in a description that incorporates all those phenomena. And finally, clearly, this kind of analysis provides a manner to check whether the additional quantum corrections are indeed negligible in many situations where this has been assumed.
The main obstacle to compute the expectation values over the FLRW geometry that determine the modified MS equations is found in the quantum evolution of the FLRW states. This evolution is dictated by a quantum Hamiltonian which is not integrable in the presence of a non-constant potential for the scalar field [8, 15] . Moreover, there exist complications even for the numerical integration of this quantum evolution [31] . The strategy that we propose in this paper to deal with the problem is the following. a) From the generator of the FRLW dynamics, extract its free geometric part, corresponding to a vanishing potential, and use it to pass to an interaction image. b) Integrate explicitly the evolution generated by this free geometric operator. In LQG, for instance, this is possible even analytically by adopting a prescription called "solvable LQC" (sLQC) [32] . We will focus our discussion on this prescription. c) From the generator of the interaction dynamics in FLRW, extract the dominant contributions of the scalar field potential, and pass to a new interaction image (in doing this, regard the potential as a kind of perturbation; for instance, for a quadratic potential, one can use the mass of the scalar field as a small parameter). d) Expand the evolution operator corresponding to the dominant contributions of the potential, keeping only those terms considered to be relevant. And e) Integrate (semi-)classically the effective evolution generated by the remaining interaction terms. Notice that only the two last points (d and e) imply approximations: In the former of these points, a quantum truncation, and in the latter, a semiclassical (or effective) approximation. However, the free geometric part of the FLRW dynamics, as well as the most relevant contributions of the potential, are treated exactly within quantum mechanics.
The rest of the paper is organized as follows. In Sec. II we briefly review the quantization of the FLRW spacetimes with a homogeneous scalar field in LQC and particularize the discussion to sLQC, determining the evolution in the absence of field potential. In Sec. III we summarize the results of Ref. [15] , present the modified MS equations, and particularize the analysis to the case of sLQC. We then start with our reformulation of the quantum corrections to the MS equations in Sec. IV, expressing the expectation values that appear in those equations in an interaction image. Later on, in Sec. V, we extract the dominant contributions to the interaction and to its corresponding evolution operator, specializing the study to the case of a mass term. We complete our treatment in Sec. VI, determining the remaining dynamics and discussing its semiclassical or effective counterpart. We discuss our results and conclude in Sec. VII. Some particularly long formulas are included in an appendix.
II. HOMOGENEOUS SECTOR AND SLQC
In this section we will summarize the quantization of the zero-mode sector of the perturbed FLRW spacetimes with a scalar field, which can be regarded as the phase space of a homogeneous and isotropic model, obtained by unplugging the inhomogeneities of the system [15] . We set the reduced Planck constant and the speed of light equal to 1, and the period of the orthogonal coordinates of the spatial sections T 3 equal to 2π. Here, we will quantize this zero-mode sector following the prescriptions of sLQC.
In LQG, the gravitational degrees of freedom are described by a real su(2)-connection, called the AshtekarBarbero connection, and by a densitized triad [18] . The fundamental variables in LQG are smeared functions of these phase space coordinates, namely, holonomies of the connection and fluxes of the densitized triad. In models that are homogeneous and isotropic, the physical freedom in the densitized triad is just a global factor, usually denoted as p, which varies with time. The sign of p depends on the orientation of the triad, and its absolute value is the squared scale factor of the FLRW spacetime up to a constant numerical factor [20] [21] [22] . The physical freedom in the connection, on the other hand, is also encoded by one single dynamical variable, called c. For flat topology, the connection is proportional to c. This variable is canonical to p inasmuch as their Poisson bracket is {c, p} = 8πGγ/3, where G is the Newton constant and γ is a constant known as the Immirzi parameter [21, 33] . The basic holonomies of the connection are taken along straight lines with a length such that the square formed by them has a physical area equal to the non-vanishing minimum ∆ allowed by LQG [34] . This prescription to choose the holonomies is called "improved dynamics" [24] . On the other hand, fluxes are just proportional to p.
To simplify the calculations, it is common to change variables from c and p to a new canonical set such that the chosen holonomies simply produce a constant shift of a unit in the new geometric variable that replaces p. The new set is
with {b, v} = 2. The physical volume of the T 3 section of the FLRW spacetime is V = 2πGγ √ ∆|v|, proportional to the absolute value of v.
The matter content of the sector is the zero-mode of the scalar field of the model. This zero-mode can be viewed as a homogeneous scalar field φ by its own [15] . We call its canonical momentum π φ . Classically, and in absence of inhomogeneities, the system must satisfy a constraint which is equivalent to
where we have used the notation Ω 0 for 2πGγbv and, for the time being, we have allowed the inclusion of a non-vanishing potential W for the scalar field. In LQC, one frequently uses a representation in which the operator for v (as well as that for φ) acts by multiplication, with an inner product that is discrete in this volume variable [20] [21] [22] . The remarkable features of LQC, distinctive of this quantization in comparison with more standard ones, come precisely from this discreteness of the measure of integration over the volume. Moreover, physical states decouple in superselection sectors which are spanned by volume eigenstates that differ between them in multiples of four units [20, 35] . Now, for the superselection sector formed by all states with support on volumes equal to a multiple of four, namely v = 4n with n an integer, 2 a especially manageable representation is obtained by performing a discrete Fourier transform from v to the b variable and implementing the following change:
). Representing the functions of the connection in terms of holonomy elements of the form e ±ib/2 , one obtains an operator counterpart of Ω 2 0 which amounts to the replacement of b with sin b [32] . Suppose then that we start with wave functions Γ in the (v, φ)-representation. If we introduce the scaling χ = Γ/(πv) and carry out the explained change to the (x, φ)-representation, it turns out that the constraint of the homogeneous model, particularized to a vanishing field potential and with a densitization that can be associated with a harmonic time gauge (that simplifies considerably the factor ordering) [32] , adopts the expressionπ
where the two momentum operators act as derivatives:
Notice that, up to a constant factor,π x is just an operator representation of Ω 0 :
The quantum dynamics generated by the constraint of sLQC is so simple that one can integrate it almost straightforwardly. Replacing the evolution time in terms of the scalar field φ one obtains that, whereasπ φ and π x are Dirac observables and hence preserved by the dynamics, the operatorx satisfieŝ
Here,x 0 denotes the operatorx on the section where the configuration of the scalar field (that serves as internal time) is φ 0 . We can understand φ = φ 0 as the initial section for the evolution. In the integration ofx, we have used that, in sLQC, one restricts the operatorπ φ to be positive in order to remove the double counting of solutions owing to time reversal invariance [32] . Physical states have the form
where x ± = φ±x, corresponding to left and right moving modes, respectively, and F is any function with Fourier transform supported on the positive real line. The inner product on physical states can be expressed, e.g. using only left moving modes, as
The symbol * denotes complex conjugation. With this inner product, the operatorπ x is positive on the sector of left moving modes, and negative for right moving modes. If one callsP R andP L the projectors on the right and left moving modes, it was shown in Ref. [32] that
Then, recalling the definition of the physical volume, it is straightforward to get its representation as the operator V = 2πGγ √ ∆|v|. Apart from the volume, we will need some other operators in order to include a potential for the scalar field and describe the interaction with the inhomogeneities later on in this work. Specifically, we will need operators for the regulated inverse volume and for the Hubble parameter. Besides, it will prove helpful to compute the explicit form of the operator 3B = 4πG/3γV |Ω 0 | −1V . Using a regularization of the inverse of the volume which is standard in LQC [15, 20] and expression (2.9) for the volume operator, one can directly define
(2.10)
3 Let us comment thatΩ 2 0 has a continuum spectrum [35] ; therefore the inverse that appears in our expression can be defined.
As for the Hubble parameter, apart from factors of the volume, it can be expressed in terms of the analog of Ω 0 when the length of the holonomies is doubled. This doubling is necessary if we want a linear operator on the superselection sector of sLQC [15] , with support on volumes v that are multiples of four units. In fact, our superselection sector is stable underΩ 2 0 , and therefore under the homogeneous constraint, as well as under |Ω 0 |, but not under the action of justΩ 0 . Recalling that the effective counterpart ofΩ 0 is 2πGγ sin b v, let us define
obtained by replacing the canonical set {v, b/2} with the new set {v/2, b}, so that b has half the period. Expressing the periodic functions above in terms of v and (the effective) Ω 0 , and using their operator representations, a careful calculation (with a judicious choice of factor ordering) leads on each sector of left and right moving modes tô
Finally, a straightforward computation shows that, on each of the sectors,
Let us conclude the section by noticing that, in sLQC, the quantum evolution of our auxiliary operators (the volume, its regulated inverse,Λ 0 , andB) is that dictated by the evolution ofx in Eq. (2.6), whileπ x remains constant, as it corresponds to a Dirac observable.
III. PERTURBATIONS AND EFFECTIVE MUKHANOV-SASAKI EQUATIONS
In the model described in the previous section, we now introduce a potential for the scalar field and study metric and field perturbations. The quantum treatment of this system was discussed in Refs. [8, 15] , truncating the action at quadratic order in the perturbations. For simplicity, we will consider only scalar perturbations, which are the relevant ones for present observations of the CMB. Tensor perturbations are easier to deal with, since they can be straightforwardly described by gauge invariants without mixing metric and field perturbations. Vector perturbations, on the other hand, do not contain any physical degree of freedom if the matter content is a scalar field.
The perturbations of the metric (including the induced spatial metric, the lapse function, and the shift) and the perturbations of the scalar field can be expanded in Fourier series and described by the time varying coefficients of this mode expansion (in this expansion, zeromodes are treated exactly at quadratic perturbative order, i.e., no perturbation of zero-modes is treated as independent at that order [15] ). The introduced inhomogeneities are subject to two types of constraints that arise, respectively, from the perturbation of the Hamiltonian and the momentum constraints of General Relativity around the FLRW model with field potential. Although these perturbative constraints do not commute, it is possible to find an Abelianization of them at the order of truncation adopted in the action. The MS gauge invariants commute with these perturbative constraints (as well as with their Abelianized version). It is then possible to find a complete set of canonical variables for the perturbations formed by the MS gauge invariants, the MS momentum variables (which are also gauge invariants), the Abelianized perturbative constraints, and canonical momenta for these constraints. Actually, the MS momenta can be uniquely determined, removing the ambiguity in adding a contribution linear in the MS configuration variables, by demanding that one can find a Fock quantization for the MS field such that the vacuum is invariant under the isometries of the spatial sections and the MS dynamics admits a unitary implementation [36] . Once this canonical set for the perturbations has been constructed, it is possible to complete it into a canonical set for the entire system, including zeromodes. The original zero-modes must be corrected with some fixed, quadratic perturbative contributions. The new zero-modes are those that must be identified with the variables of the model discussed in Sec. II. The final result of the reformulation of the system is a full description designed to quantize the system without any need to fix the perturbative gauge and prepared to extract physics using gauge invariants for the inhomogeneities [15] .
Under quantization, physical states are independent of the variables conjugate to the Abelianized perturbative constraints. Hence, physical states depend only on the MS gauge invariants and on the zero-modes of the FLRW geometry and the scalar field. Following the notation of Ref. [15] , we will call v n,ǫ the (real) Fourier coefficients of the MS field, where n is the wave vector of the Fourier mode and ǫ = ± depending on whether it is a sine or a cosine mode. In more detail, n is a triple of integers, owing to the periodicity of the coordinates on T 3 , and its first non-vanishing component is chosen to be positive, in order to avoid a double counting of modes, since each wave vector is already associated to a sine and a cosine Fourier component.
The entire system is still subject to a constraint that is non-trivial to impose: The zero-mode of the Hamiltonian constraint. This constraint equals the corresponding constraint of the homogeneous and isotropic FLRW model plus a quadratic contribution of the perturbations, which incorporates backreaction effects at the order of truncation adopted in the action. Using the prescriptions detailed in Ref. [15] , and up to an irrelevant numerical global factor, this Hamiltonian constraint can be represented by the operatorĈ T =Ĉ (0) + n,ǫĈ n,ǫ , where the contribution of the homogeneous sector, including a field potential W (φ), iŝ
Although we adopt here the operator 2W (φ)V 2 as a natural choice to represent the contribution of the potential, we would like to leave open the possibility of other representations, corresponding to different factor orderings. We will return to this point later on, in Sec. V.
On the other hand, the quadratic contributions of the perturbations arê
where the subindex of the parentheses stands for symmetrization of the product of operators, and we have calledΘ
Here, the square frequency of the mode is the square norm of its wave vector, ω 2 n = n · n, and (taking into account Eq. (6.6) in Ref. [15] and our convention for numerical factors in this work) we have introduced the following functions of the zero-modes:
The prime stands for the derivative with respect to φ.
Notice that all the operators in these expressions are available in sLQC according to our discussion in the previous section. The inverse operatorsΩ Of particular interest are states that satisfy an ansatz similar to the Born-Oppenheimer ansatz of molecular and atomic physics, in the sense that their dependence on the perturbations and on the zero-mode of the FLRW geometry can be separated. This ansatz amounts to a factorization of the wave function into two factors, namely, Ψ = χ(x, φ)ψ(N , φ). Here, the argument x of the wave function χ denotes simply dependence on the zero-mode of the FLRW geometry, while the dependence on the MS field is indicated with the label N which represents the set of occupancy numbers of the MS modes in a privileged Fock quantization selected, up to unitary equivalence, by the criteria of invariance under the spatial isometries and unitary evolution (in the regime of deparametrized dynamics) [36] . Furthermore, we assume a state χ with a unitary dynamics in its φ-dependence. The dynamics will be generated by an operatorĤ 0 that we take to coincide with the square root ofĤ (2) 0 , at least up to terms that, when squared, are negligible compared to the quadratic perturbative contributions of the constraint. 4 The operatorĤ 0 can be regarded as a modification of the evolution generator (along φ) of the homogeneous system with a free massless field in order to include a field potential. In summary, we adopt for χ the ansatz χ(x, φ) =Û (x, φ)χ 0 (x), where χ 0 is the initial FLRW state at a certain value φ 0 of the homogeneous scalar field, and
The symbol P denotes time ordering with respect to φ.
We will specialize our analysis to the χ-representation of sLQC, although the discussion can be carried out in other, more general quantizations.
The dynamics of the perturbations obtained when this ansatz is substituted in the constraint were discussed in Ref. [15] . If one disregards the possible quantum transitions between different states of the homogeneous FLRW geometry mediated by the action of the constraint, one gets, without further assumptions, a relatively simple evolution of the inhomogeneities. The master equation for this evolution can be interpreted as a constraint on ψ given bŷ
whereΘ p = n,ǫΘ n,ǫ p for p = e, o and E χ is a statedependent function of the homogeneous scalar field. This expression follows from Eqs. (5.12) and (5.15) of Ref. [15] with our convention of numerical factors and removing a negligible perturbative correction to the second term, linear inπ φ . 5 The expectation values are taken on the state χ with respect to the zero-mode of the FLRW geometry: In our case with the inner product of sLQC.
Admitting that the quadratic dependence on operators acting on the perturbations has a direct translation into the same dependence on classical variables, the above 4 If the originalĤ (2) 0 is not positive but just self-adjoint, in practice, for small perturbations and given Eq. (3.1), it suffices to consider the positive part of its spectrum taking projections, and proceed then to calculate the square root. 5 The commutator in this constraint is usually supposed ignorable, and can even be regarded as a term absorbable with a different factor ordering in n,ǫĈ n,ǫ ; though, we will carry on our analysis with it. Besides, Eχ is taken at most of the perturbative order of the Θ-terms, adapting the factor ordering for this if necessary. constraint on the inhomogeneities has an effective counterpart which leads to modified MS equations. Explicitly, one obtains the mode equations
The time appearing in these effective equations is a conformal time given by dη χ = θ e χ dT , where T is the harmonic time 6 adopted in Sec. II. Similarly, from the effective constraint on the perturbations and the definition of T , one gets the relation dφ = (π
Here, we have used the superscript "(inh)" to emphasize that this term provides just the contribution of the inhomogeneous sector to the zero-mode of the scalar field momentum. At the order of the mode equations (3.11), we expect that this contribution should be ignorable compared with Ĥ 0 χ (assuming that the latter is not negligibly small), because π (inh) φ should be of perturbative order according to our effective constraint. Combining this result with the definition of the conformal time, we conclude Ĥ 0 χ dη χ = θ e χ dφ.
(3.12)
It is worth remarking that this change to our conformal time is state dependent. The ratio of expectation values in Eq. (3.11) contains quantum modifications with respect to the corresponding term in the standard MS equations. Therefore, it becomes clear that the calculation of these expectation values is a central issue to discuss the possible quantum effects that affect the power spectrum of the CMB.
IV. INTERACTION PICTURE
The main problem to calculate the required expectation values is the integration of the evolution of the FLRW state χ, provided byĤ 0 , when the scalar field potential is not constant, since the dynamics is not solvable then and there exist complications even for the numerical integration. The problem can be alleviated by extracting the dynamics of the free-field case, with a vanishing potential, treating the rest of the evolution as a kind of geometric interaction and passing, consequently, to an interaction picture [37] , in which the homogeneous field plays the role of evolution time. We will implement this idea in the present section.
Let us consider the expectation value Â (φ) χ of a generic operatorÂ(φ) on the state χ(φ) of the FLRW geometry, where we are showing explicitly the possible dependence on the variable φ. We first define the operatorĤ 0 for vanishing potential:
Notice that this operator is independent of φ. Besides, we haveĤ
= |π x | (e.g. in sLQC). We can now introduce the counterpart of the state χ in the interaction picture,
where φ 0 is the initial value of φ. For any operatorÂ in the original Schrödinger-like picture, the corresponding operator in the interaction picture is given by [37] A
Then, if we callĤ
0 , it is a well known (and easily reproducible) result that the evolution of χ I is generated by the operatorĤ 1I . Therefore
In total, we find that
where the dagger denotes the adjoint.
In Sec. II, we saw that the integration of the dynamics of the free case can be performed analytically in sLQC. In that case, the form of the FLRW-geometry operators in the interaction picture is in fact straightforward to obtain. It suffices to replace their dependence on the basic operatorx by the same dependence on the evolved operator according to Eq. (2.6), namelŷ
This reduces the problem of the dynamical evolution of our expectation values to the computation of the pathordered integral in the definition (4.5).
V. QUANTUM CONTRIBUTIONS OF THE POTENTIAL
The quantum dynamics generated byĤ 1I is still too complicated to be manageable in practice when a field potential is present. One may treat this evolution semiclassically, assuming that the state χ displays a semiclassical behavior. Notice that, in principle, this concept of semiclassicality is assigned now to the trajectories generated by the interaction evolution, since the free-field contributions were already accounted for with our treatment in the previous section. In order not to restrict ourselves necessarily to this semiclassical regime, in this section we will go further in our analysis and extract the dominant contributions of the potential in the quantum evolution. To simplify the notation, we admit from now on that the representation of the homogeneous scalar field acts as a multiplicative operator.
Let us study the operatorĤ 1I in more detail. We recall that this operator is the translation into the interaction picture of the differenceĤ 1 between the evolution generator in the homogeneous case (the square root ofĤ (2) 0 ) and its counterpartĤ (F ) 0 in the free-field scenario with vanishing potential W (φ). The passage to the interaction picture is done straightforwardly by implementing the replacement (4.7). We now want to show that, up to cubic terms and higher orders in the potential, the operatorĤ 1 can be represented with a suitable choice of factor ordering in the following approximate form:
where we have defined a new geometric operatorĈ that provides the part quadratic in the potential, and employed the operatorB = 4πG/3γV |Ω 0 | −1V introduced in Sec. II.
It will suffice to prove that the square ofĤ
+Ĥ 2 is an acceptable representation ofĤ (2) 0 at the desired order. A careful but nonetheless direct calculation leads to
where we have introduced two operatorsQ 1 andQ 2 that are independent of the scalar field, and hence act only on the zero-mode of the FLRW geometry. More importantly, they are pure commutators and so they can be interpreted as arising from a particular choice of factor ordering. Furthermore, in fact they are double commutators, and therefore they provide second-order quantum corrections. Explicitly, these operators arê
In total, if we neglect terms that are cubic or of higher order in the field potential, we conclude that the operator (5.3) is a viable representation of the generator of the homogeneous evolution. Thus, we can writê
whereĤ 2I is the operator (5.1) in the interaction picture, andĤ 3I is just the remaining part of the original interaction operator, which is at least of cubic order in the potential.
Obviously, if we remove the quadratic contribution of W inĤ 2 [given by the last term in Eq. (5.1)], our formula (5.5) continues to be valid, though thenĤ 3I would be of quadratic order in the field potential. The convenience of keeping or eliminating inĤ 2 terms quadratic in W depends on how relevant the quantum contribution of those terms turns out to be in order to obtain accurate results.
In the case of sLQC, recalling thatΩ 0 is proportional toπ x and hence it is a Dirac observable for the free field, the dominant contribution of the potential to the generator of the evolution in the interaction picture can be obtained from Eqs. (5.1) and (5.2) just by performing the substitution (4.7) in the x-dependence of the operatorB [namely, in the square hyperbolic cosine of Eq. (2.13)].
We can now extract the dynamics generated byĤ 2I , following the same steps as if we introduced a new interaction image. If we call 6) and, for any operatorÂ I in the original interaction picture, we defineÂ
then the expectation value of the operator is given by
So far, our treatment of the expectation values is exact. The obstruction that we find now is the integration of the evolution generated byĤ 2I and byĤ 3J in order to calculate the unitary operatorsÛ 2I andÛ J , respectively. ConcerningĤ 2I , one can try to compute the associated evolution by determining its eigenfunctions numerically. In particular, if one does not include quadratic contributions of the potential inĤ 2I , its expression looks manageable enough as to allow for the calculation of its spectrum. Another possibility, obviously, is to renounce to the exact treatment at this stage and introduce approximations. In particular, we can truncate the series expansion ofÛ 2I in terms of path ordered integrals of powers ofĤ 2I [37] so as to compute the operatorÂ J up to a certain order of the potential. Obviously, the unitarity of the change of representation is broken in this truncation, but just at the order that is neglected. In the case that the potential is a mass term, the approximation can be regarded as a truncation of the asymptotic expansion in powers of the squared mass. For the evolution operator U J , on the other hand, an appealing proposal consists in treating these dynamics in an effective approximation.
At
The notationB I (φ) indicates that the operatorB in the considered interaction picture depends on φ, since it equals its evolution along this internal time parameter for the free-field case, i.e., when the potential vanishes. Moreover, if one wants to keep quadratic contributions of the potential in the operatorÂ J , these are given by the additional terms
whereĈ I is the operator (5.2) in our interaction picture. Let us now particularize our discussion to the FLRW quantization given in sLQC and to a field potential equal to a mass term, W (φ) = m 2 φ 2 /2. We recall that, in sLQC, the operatorB I is obtained fromB by replacing its dependence onx with the same dependence onx(φ), defined in Eq. (4.7). A careful calculation shows then that
12) where we have defined the operator
The quadratic contributions (5.11) for the massive field in sLQC are computed explicitly in the Appendix.
VI. REMAINING DYNAMICS
In the previous section we split the interaction generatorĤ 1I in two terms: A contribution containing the first powers of the potential,Ĥ 2I , and a remnant that we calledĤ 3I . We then truncated the evolution operator corresponding toĤ 2I at lowest orders in the potential.
An inspection of Eqs. (5.10) and (5.11) leads us to expect that the terms neglected in the evolution operator U 2I are of the following relative order with respect to the conserved ones. For contributions of the operatorB, the relative order is
where we use that Ω 0 is a constant of motion in the absence of potential, and we assume that the change of W V 2 I is not too important in the interval (φ 0 , φ) (if this assumption is not valid, the estimation of the relative order will be more complicated). Therefore, the truncation should be valid if R B ≪ 1. If quadratic contributions of the potential had not been taken into account inĤ 2I , this is the only restriction on the approximation. However, if such quadratic terms have been considered, hence including the operatorĈ I in the analysis, then the corresponding contributions in the expansion of the evolution operator are expected to be, for similar reasons as above, of a relative order
In this case, the validity of the truncation requires that R C ≪ 1 as well. When the conditions for the truncation cease to apply, one must either attempt a quantum integration of the whole evolution operatorÛ 2I , or renounce to extract a dominant contribution from the interaction generator H 1I and explore instead, for instance, whether the whole interaction dynamics can be treated effectively. In the following, we focus the discussion on the region where the truncation is meaningful, and discuss the remaining evolution operatorÛ J , introduced in Eq. (5.9).
The lowest non-zero power of the potential that contributes to this remnant of the evolution gives a term of order R C if the interactionĤ 2I does not contain quadratic factors of W (because thenĈ is included in U J , rather than inĤ 2I ). This term is relevant in the dynamics, and hence also the evolution dictated byÛ J , if its contribution is larger than the terms neglected in the truncation ofÛ 2I , which are of order R 2 B or R 3 B , depending on whether the truncation keeps terms linear or square inB, respectively. Since R B ≪ 1 for the validity of the truncation, we take e.g. the most stringent condition, R C ≻ R 2 B , where the symbol ≻ must be interpreted as the statement that the factor on the left hand side is large compared to the other. Using our notation in Eq. (6.2), this condition is equivalent to r BC ≻ 1. So, in this case where the operatorĤ 2I is defined without the inclusion ofĈ, the truncation ofÛ 2I and the consideration of the remaining dynamicsÛ J is meaningful in the sector with R B ≪ 1 and r BC ≻ 1 (notice that this sector is not empty). Besides, the remaining evolution under discussion should not be ignored at least when the analyzed contribution of its lowest power in the potential cannot be neglected, namely, when R C is not small. Since the quantum treatment of the evolutionÛ J is too intricate, the study has to be done in this case by means of an effective approximation. For this, it is necessary that the considered state of the FLRW geometry is peaked around an effective trajectory of the evolution generated byĤ 3J .
For completeness, let us compile the expression of this generator, following all the steps that have been explained above, and adopting a truncation ofÛ 2I at linear order in the potential: 4) where the curly brackets denote Poisson brackets, we call B I = 4πG/3γV 2 I /|Ω 0 |, and the subindex I in V I stands for the substitution of x by x + (φ − φ 0 ) sign(π x ) in the expression of the physical volume. The argument of the square root is assumed to be non-negative, otherwise the evolution must be set equal to zero.
If one has taken into account the quadratic contribution of the potential that goes with the operatorĈ in the partĤ 2I of the interaction, then, using the definition of the generator of the free homogeneous evolutionĤ B r BC . Therefore, the remaining interaction dynamics is relevant at the order of truncation provided that r BC ≻ 1, just as above whenĤ 2I included only factors that are linear in the potential. In the present case, the conditions for the truncation and the consideration of the remaining dynamics can be combined as follows:
B (where, we recall, the equality is a definition). In addition, the remaining part of the evolution,Û J , should not be ignored now when R 2 C /R B is not much smaller than the unit. Similar comments as above apply to its possible approximation by means of an effective description, although now the expression of the generator H 3J is more complicated (but nonetheless straightforward to obtain).
VII. SUMMARY AND DISCUSSION
In quantum cosmology (including but not exclusively in LQC), the MS equations that govern the behavior of the primordial fluctuations are modified with quantum corrections. The equations of the perturbation modes have coefficients that are determined by expectation values of quantum operators on the state that describes the FLRW geometry of the Universe. These expectation values encode quantum phenomena of the geometry, and their expressions vary depending on the quantum approach adopted and on the specific quantization prescription followed within that approach. The possibilities to discriminate between the different proposals seem to require analyses that retain the genuine quantum nature of the calculations, going beyond semiclassical or effective approximations which, though capturing the most relevant modifications to the classical description, ignore other quantum effects that may relevant for such discernment. The final hope is that confrontation of predictions with cosmological observations (mainly of the CMB) may eventually falsify the theoretical models.
In this work we have proposed a number of steps aimed at facilitating the computation of those expectations values, by permitting some approximations while still retaining a significant part of their quantum features. The expectation values need to be calculated during the evolution of the FLRW state along the variation of the homogeneous part of the scalar field (namely, its zero-mode), that can be regarded as an internal time. This evolution is generated by an operator that differs from that of the FLRW geometry with a free massless scalar field by contributions of the field potential. Therefore, the fist step in our treatment consists in extracting the free massless field part from the dynamics. We have done this by adopting an interaction picture.
In a second step, one has to deal with the integration of the free-field dynamics, something that can be achieved analytically in certain approaches to quantum cosmology, like in a prescription for LQC known as sLQC. We have specialized our study to this quantization of the FLRW geometry in order to obtain manageable formulas in a concrete case, though the analysis can be performed in other cases or with other methods, for instance numerically (resolving the spectral decomposition associated with the evolution operator by means of numerical methods).
The dynamics remaining in the expectation values is generated by an interaction operator that vanishes when so does the field potential W . In a third step we have split this operator in two parts, one of them (calledĤ 2I ) capturing the contributions with the lowest powers of the potential. We have then passed to a new interaction image. The next step is the integration of the dynamics generated byĤ 2I . Now the problem is more intricate because, generically, an analytical integration is not known in any quantization scheme. Different avenues appear.
One of them is to try and integrate the dynamics numerically. If only terms linear in the potential are kept in H 2I , this amounts to resolve the spectral decomposition associated with the operatorB that, up to a numerical factor, equals the symmetric productV |Ω 0 | −1V (notice that the resolution of the identity of its interaction image counterpart, denotedB I in the text, is directly obtained from that ofB by evolution with the free massless field dynamics).
Another possibility is to treat the dynamics directly in a semiclassical or effective approximation. This alternative is better reached in our formalism by simply identifyingĤ 2I with zero, so that its evolution operator is the identity, and all of the interaction operator is maintained in the remaining part, that we callĤ 3I .
An intermediate possibility has been discussed in detail in the text. This possibility applies in a sector of the homogeneous FLRW model with a scalar field in which the integrated contribution of 8πGγ 2 W V 2 /(3Ω 0 ) [and optionally also the ratio 8πGγ 2 W V 2 /(3Ω 2 0 )] is small compared to the unit. In that sector, one can approximate the evolution generated byĤ 2I , truncating it at certain order in the potential. We have implemented this idea and computed explicitly the truncation of the evolution at second order in the potential. Obviously, one can combine this truncation in certain intervals of the evolution with other approaches, like the commented semiclassical or effective treatment, when the system moves dynamically to another region where the previous approximation is not reasonable anymore.
The last step in our analysis consists in approximating the remaining part of the interaction evolution by a semiclassical or effective counterpart. This approximation is expected to be valid as far as the FLRW state remains peaked, under the remaining interaction dynamics, on the corresponding semiclassical or effective trajectory.
Our discussion has been applied in detail to the modifications of the MS equations deduced with a hybrid formalism in Ref. [15] , and to a quantization of the FLRW geometry along the lines of LQC; nonetheless, we want to emphasize that the treatment is easily adaptable to other quantization approaches in homogeneous cosmology, as well as to modified MS equations obtained with other formalisms or prescriptions, as it is the case of different factor orderings, like the alternate one discussed in Ref. [8] in order to establish an even more direct connection between the hybrid and the dress metric formulations. In those other formalisms and prescriptions, our methods can be applied in a similar way to deal with the evolution of the FLRW states, and hence be able to compute the expectation values that appear in the corresponding modified MS equations. The operators that provide the expansion of the generator of this evolution in powers of the field potential (namely, our operatorsĤ (F ) 0 , B, andĈ) adopt different forms and representations in those other approaches, but we can treat their dynamics along the lines explained in this work. In particular, the free massless field dynamics is also analytically integrable in some other quantizations, for instance in geometrodynamics, and when this integration cannot be performed analytically, one can proceed to cope with it numerically, as we have already commented.
It is worth insisting that, in previous analyses in which the modifications to the MS equations have been treated effectively or semiclassicaly, like e.g. in Ref. [9] for the hybrid approach to LQC, in Ref. [11] for the dress metric approach, or in Ref. [17] for geometrodynamics, one can go beyond those approximations, keeping further quantum corrections in the computations, with the procedure that we have put forward here. Moreover, even for quan-tization approaches where one does not get directly a representation of the various operators that have appeared in our discussion, but rather a prescription for the calculation of expectation values, as it would be the case for path-integral formulations of quantum cosmology, one can view our analysis as a guideline, showing how to reformulate those expectation values as series of interaction terms and, possibly, how to truncate them.
An additional comment refers to our assumption of unitarity in the evolution of the FLRW states with respect to their φ-dependence. In fact, revisiting the calculations of Ref. [15] , one can check that the derivation of the MS equations (3.11) may be extended to the situation when this assumption does not hold [though the first term in Eq. (3.10) gets multiplied by the norm of the state, which is not preserved anymore in the evolution]. However, the unitarity of the free massless field dynamics is important for the introduction of the interaction picture, and the same occurs with the unitarity of the evolution operatorÛ 2I if one wants to adopt the additional picture discussed in Sec. V. In this respect, the unitarity of the remnant part of the dynamics is not necessary. Moreover, one can generalize the definition of the interaction picture as long as the evolution operator that is involved in the change is invertible (so that one gets a one-to-one correspondence between Hilbert spaces). In order to do this, one must substitute the adjoint of the dynamical operator by its inverse in formulas like Eqs. A further comment concerns the relation between the evolution time provided by the homogeneous scalar field and the conformal time that appears in our MS equations. This relation is given by Eq. (3.12) . If the calculation of the expectation value of the generator of the homogeneous evolutionĤ 0 becomes too complicated in practice when the field potential is present, we can always adopt the splitting of this generator explained above in terms of the generator for the free massless case, the contribution with lowest powers of the potential, and a remnant. The computation of the expectation value of the first two parts is doable. Then, one can just approximate the expectation value of the remnant by means of a semiclassical or effective approximation (or even ignore it in certain cases).
We plan to implement the above procedure in order to study the consequences of quantum corrections to the MS equations in the power spectrum of the CMB, along similar lines as in Refs. [9, 11, 17] , suitably modified.
In the region of FLRW states and initial conditions for the perturbations where no important quantum effects are expected, we should recover the classical predictions. This will serve as a first test for the treatment proposed here. But, beyond that region, a numerical analysis starting with the steps that we have described would allow to check the validity of the semiclassical and/or effective approximation adopted in previous studies, and reveal quantum phenomena that might have been ignored in those previous works. The ultimate goal is to develop tools that allow us to predict not only the qualitative kind of corrections to the CMB spectrum that may arise from quantum geometry effects, but also to improve our control on the quantitative predictions. 
for any non-negative integer m, as well as the operatorŝ 
